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THE EVAPORATION OF A LIQUID FROM THE F L A T  SURFACE OF A SOLUTION 
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UDC 536. 823.1 

This paper considers the self-similar problem of diffusive evaporation 
of a liquid from the flat surface of a solution of great depth with due 
regard to the temperature distribution. An exact solution is given. 

The ques t ion  of the evapo ra t i on  of a l iquid f r o m  the 
s u r f a c e  of a so lu t ion  i s  of i n t e r e s t  fo r  c h e m i s t r y  and 
c h e m i c a l  tec tmology,  a s  we l l  a s  fo r  g e o p h y s i c s .  In 
c o m p a r i s o n  with the e v a p o r a t i o n  of a pu re  l iquid  the 
e v a p o r a t i o n  f r o m  the s u r f a c e  of a solut ion has  s e v e r a l  
s ign i f i can t  s p e c i a l  f e a t u r e s .  F i r s t ,  the s a t u r a t e d  v a p o r  
concen t r a t i on  on the s u r f a c e  of the so lu t ion  [1] depends  
not  only  on the t e m p e r a t u r e ,  a s  in the c a s e  of a p u r e  
l iquid,  but a l so  on the concen t r a t i on  of the subs tance .  
Second, if the d i s s o l v e d  subs tance  i s  nonvo la t i l e  the 
v a p o r - s o l u t i o n  p h a s e - t r a n s i t i o n  bounda ry  i s  i m p e n e -  
t r a b l e  fo r  it, and a s  the bounda ry  advances ,  the sub -  
s t ance  mus t  move d e e p e r  into the solu t ion .  Since the 
v a p o r  concen t r a t i on  on th i s  bounda ry  depends  on the 
c oncen t r a t i on  of d i s s o l v e d  subs t ance ,  the t r a n s f e r  of 
m a s s  of the subs t ance  in the so lu t ion  a f fec t s  the e v a p -  
o ra t i on  p r o c e s s  in turn .  

Even in the p u r e l y  d i f fus ive  s t age  the p r o c e s s  of 
evapora t ion  i s  non l inea r ,  g e n e r a l l y  speak ing .  In ac tua l  
cond i t ions  th is  p r o c e s s  i s  v e r y  often a c c o m p a n i e d  by  
convec t ive  e f fec t s ,  which make  i t s  m a t h e m a t i c a l  d e s -  
s c r i p t i o n  even m o r e  compl i ca t ed .  In v iew of this ,  i t  i s  
of g r e a t  i m p o r t a n c e  to s e l ec t  r e a s o n a b l e  l imi t ing  c a s e s  
which can be so lved  a n a l y t i c a l l y .  

In th i s  p a p e r  we wi l l  c o n s i d e r  the l im i t i ng  c a s e  of 
p u r e l y  d i f fus ive  evapo ra t i on  into a g a s e o u s  m e d i u m  
f r o m  the s u r f a c e  of a solut ion of g r e a t  ( " in f in i te ly  
g r e a t " )  depth.  The c o n c e n t r a t i o n s  of v a p o r  and d i s -  
so lved  subs t ance  and the t e m p e r a t u r e s  of the v a p o r -  
gas  m i x t u r e  and so lu t ion  of the in i t i a l  i n s t an t  a r e  a s -  
sumed  constant~ The evapo ra t i on  c a l c u l a t e d  by th is  
method  is  obv ious ly  the m i n i m u m  p o s s i b l e  fo r  the given 
cond i t ions .  

Let  the v a p o r - a i r  m i x t u r e  at the in i t i a l  ins tan t  o c -  
cupy the uppe r  half  of the s p a c e  and the so lu t ion  the 
l o w e r  half ,  a n d l e t  the ax i s  0x be  d i r e c t e d  i n t o t h e  s o l u -  
t ion.  We wi l l  a s s u m e  that  the d i s s o l v e d  subs t ance  i s  
nonvola t i l e .  Then the v a p o r - s o l u t i o n  p h a s e - t r a n s i t i o n  
bounda ry  i s  i m p e n e t r a b l e  fo r  it, and as  the bounda ry  
advances ,  the d i s s o l v e d  subs tance  mus t  d i f fuse  into 
the depth of the solut ion.  Hence,  the c o n s i d e r e d  p r o -  
c e s s  is  d e s c r i b e d  by a s y s t e m  of equa t ions  of d i f fus ion 
of v a p o r  and subs t ance  in the so lu t ion  and h e a t - c o n d u c -  
tion equa t ions  (for the v a p o r - a i r  m i x t u r e  and solut ion)  
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_ _  _ oo .(. x . ~  I ( t ) ;  ( 1 )  

Ot Ox 2 ' Ot • O.f z . . . .  " 

Oc O~c 0 0 02 0 
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The r e q u i r e d  so lu t ions  of t h e s e  equa t ions  mus t  s a t -  
i s fy  un i fo rm  in i t i a l  cond i t ions  and cond i t ions  at inf in i ty  

q(x, 0 ) = q ( - - ~ ,  t )=q0 ,  

T ( x ,  O ) = T ( - - m ,  t )=To ,  

c (x, 0) = c ( ~ ,  t) = co, 

0( x, 0 ) = 0 ( ~ ,  0 = 0 0 ,  Z ( 0 ) = 0 ,  (3) 

and a l so  a n u m b e r  of cond i t ions  on the moving e v a p o r -  
a t ion bounda ry  l (t). 

F i r s t ,  on th i s  b o u n d a r y  the condi t ion  of c o n s e r v a -  
t ion of m a s s  of the so lvent ,  the c a l o r i m e t r i c  r e l a t i o n -  
ship,  and the condi t ion  of equa l i t y  of the phase  t e m -  
p e r a t u r e s  (see  [2], f o r  i n s t ance )  mus t  be s a t i s f i ed :  

dl D Oq 

L D  Oq x=l =) '~  O0 OT i 

o - 7  " - -  ' Ox !x=t 

T(l ,  t ) = O ( l ,  t) =T~. (4) 

Second,  on the b o u n d a r y / ( t )  the v a p o r  c o n c e n t r a -  
t ion m u s t  be s a t u r a t e d .  F o r  a so lu t ion  the s a t u r a t e d  
v a p o r  c onc e n t r a t i on  depends  not  only  on the t e m p e r a -  
tu re ,  a s  in the c a s e  of a pu re  l iquid,  but a l so  on the 
c o n c e n t r a t i o n  of d i s s o l v e d  subs t ance  [1]. At not v e r y  
h igh  c o n c e n t r a t i o n s  of d i s s o l v e d  subs t ance  this  depen -  
dence  is  e x p r e s s e d  by  the Raoul t  law [1]: 

q( l ,  t ) = q ~ ( T s ) [ 1 - - k c ( l  , t)]. (5) 

The dependence  of the c onc e n t r a t i on  of s a t u r a t e d  
v a p o r  of the so lven t  on the t e m p e r a t u r e  qs(T) wi l l  be 
a p p r o x i m a t e d  by the C l a p e y r o n - C l a u s i u s  f o r m u l a  [1, 
2]: 

q~(T) =q~(T0) - ~ -  exp G . (6) 
T o T 

In addi t ion  to the r e l a t i o n s h i p s  (4) and (5) on the 
p h a s e - t r a n s i t i o n  s u r f a c e  one o the r  spec i f i c  condi t ion 
m u s t  be s a t i s f i e d  in the c a s e  of a s o l u t i o n - t h e  cond i -  
l ion of ba l ance  of m a s s  of the d i s s o l v e d  subs tance .  It 
can be obta ined ,  fo r  e x a m p l e ,  in the fol lowing way.  
We c o n s i d e r  the change in m a s s  of the d i s s o l v e d  sub-  
s t ance  m (per  unit  a r e a )  e n c l o s e d  be tween s e c t i o n s  
x = x0 = cons t  and x = / ( t )  [x~ > / ( t ) l .  Since the p h a s e -  
t r a n s i t i o n  bounda ry  is  i m p e n e t r a b l e  fo r  the d i s s o l v e d  
subs t ance ,  the change in i t s  m a s s  mus t  be due to en-  
t r y  of d i s s o l v e d  subs t anee  through the see t ion  x = x0: 

d m  D~ Oc '.~=,.0 
" 7 2  
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On the o t h e r h a n d ,  by  usifig the f i r s t  equat ion of 
(2), we find 

t Y dm d c(x, t) dx Oc d x - - c ( l , t )  dl 
dt dt Ot dt 

t(O tit) 

Oc - -  D.  "~x x=l dt = D* -~x . . . .  

If  we equate  these  r e l a t i o n s h i p s  we obtain the fo l -  
lowing condi t ion  of ba lance  of m a s s  of the d i s s o l v e d  
subs t ance :  

dl D.  Oc ~=t(t) 
dt " = c(t, t) Ox (7) 

It i s  obvious  that  the above equa t ions  and bounda ry  
cond i t ions  a l so  d e s c r i b e  the condensa t ion  of l iquid on 
the s u r f a c e  of a so lu t ion .  This  p r o c e s s  o c c u r s  when 

q(/, t) < q0. 
We find the so lu t ion  of the posed  p r o b l e m .  On d i -  

m e n s i o n a l  a n a l y s i s  of the c h a r a c t e r i s t i c  p a r a m e t e r s  
of the p r o b l e m  in a c c o r d a n c e  with [3], we c o m e  to the 
conc lus ion  that  it  i s  s e l f - s i m i l a r .  I t s  so lu t ion  has  the 
f o r m  

q (x; t) = A, -5 B 1 erfc ( - -  x/2 ~-St) ,  

c (x, t) = A 2 -5 B2 erfc (x/2 V-D~t.t), 

T (x, t) = Fx q- E~ erfe ( - -  x/2 V-~--t), 

0 (x, t) = F~ + E~ erfc (x/2 V-~ , t ) ,  

l (t) = 2 Va-/ .  (8) 

The cons t an t  coe f f i c i en t s  in (8) a r e  found f r o m  con-  
d i t ions  (3), (4), and (7): 

A1 = qo, A2 = co, B1 = p ]/-~u~D-exp (a/D), 

B~ = co V'~a--a-~,!lexp ( - -  a/D,) - -  

- -  V ~ - ~ ,  erfc (]/-a-~,)]. F~ = r o, 

. E~ = [ ( 0 o - - T o )  + 

+ E  2 erfc (V-a-~-,)]/[1 + err (V-~) ] .  F,  = 0 o, 

[! E,~ = -  Ip ]fl~aa L --I- err + 

-5~•  ~(Oo--To) exp _ a x 

{ ' 
X ~,,• ~- exp __ a 1 + err -1- 

I / ~ . I )  

To obtain the equat ion to d e t e r m i n e  the p a r a m e t e r  
a we m u s t  use  f o r m u l a  (5) in conjunct ion  with (6) and 
subs t i tu t e  in it  the e x p r e s s i o n s  fo r  c s = c(/ ,  t), qs  = 
= q(/, t), T s ~- T(/, t) f r o m  (8) and (9). It M s  the f o r m  

qoq-9 V / - D  exp (~)[I + e r r  ( V D ) I  = 

=q,(T~) { 1 - - k c  o -  
( 

/r ~ 0 ~  - -  - do.)], ,10, 
Here  the r e l a t i o n s h i p  qs (Ts )  i s  given b y f o r m u l a  (6), 

and T s i s  e x p r e s s e d  in the fol lowing way: 

l 

-5),u 2 (Oo - -  To)exp ( - -  - ~ ) }  erfc ( V ~ . )  ] • 

! 

• {k ,~ ,  --Sexp 

1 

+ Ln 2 exp erfc ( �9 (11) 

We note that  the c o n s i d e r e d  p r o b l e m  r e t a i n s  i t s  
s e l f - s i m i l a r i t y  when the dependence  of the s a t u r a t e d  
v a p o r  concen t r a t i on  on the t e m p e r a t u r e  and c o n c e n t r a -  
t ion on the p h a s e - t r a n s i t i o n  bounda ry  has  a m o r e  gen -  
e r a l  f o rm  

q (l, t) = f (Ts, c~), (12) 

w h e r e  f ( T s ,  Cs) i s  an a r b i t r a r y  function of T s and e s. 
As f o r m u l a s  (8) show, the va lue s  of c s = c(/ ,  t), 

q(/,  t), T s ~- T(/, t) = 0 (l, t) f o r  the c o n s i d e r e d  p r o c e s s  
a r e  cons tan t .  In the c a s e  of evapo ra t i on  c(/ ,  t) > co, 
q(/, t) < qs (Ts )  (1 - kc0) and in the e a s e  of condensa t ion  
the i nequa l i t i e s  a r e  r e v e r s e d .  

We wil l  now c o n s i d e r  some  s p e c i a l  c a s e s  fol lowing 
f r o m  the p r e v i o u s l y  ob ta ined  g e n e r a l  r e l a t i o n s h i p s .  

Let  00 = To and the t e m p e r a t u r e  of the evapo ra t i on  
(condensat ion)  s u r f a c e  be kept  cons tan t  by c o m p e n s a -  
t ion of the hea t  a b s o r b e d  ( r e l e a s e d )  on th is  su r f ace .  
Then F 1 = F 2 = T0, E1 -~ E2 =0 ,  and the equat ion for  the 
d e t e r m i n a t i o n  of ~ b e c o m e s  

y - 

f--D- D '~  D 

(13) 

w h e r e  

y = ; b = qs (To) (1 - -  kco) --qo 

9 

We r e c a l l  that  in the c a s e  of evapo ra t i on  of a pu re  
l iquid  f o r m u l a  (13) r e d u c e s  to 

y .  exp (y~/n)[1 + erf (y./V-Z)] = b., 

and (13 ') 

b, = [qs(To) --qo]/P, Y, = ~ -  

We wi l l  now c o n s i d e r  ano the r  c a s e  w h e r e  00 = To, 
and at  To the so lven t  i s  f a i r l y  invo la t i l e .  Then i t  i s  
c l e a r  f r o m  p h y s i c a l  c o n s i d e r a t i o n s  that  the t e m p e r a -  
tu re  of the i n t e r f a c e  T(/, t) -- T s wi l l  not  d i f f e r  g r e a t l y  
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f r o m  To. Hence,  the e x p r e s s i o n  for  qs (Ts)  c a n  be ex -  
panded in a s e r i e s  of p o w e r s  of T s - To and the f i r s t  
t e r m s  of the expans ion  taken as  

qs (7"~) = G (7"0) + ? (T~ --  T0). (14) 

In th i s  c a s e  q, c, T, and 0 can be found without  r e -  
so r t i ng  to the solut ion of the g e n e r a l  equat ion for  c~ 
(10), if we use  the method  of s u c c e s s i v e  a p p r o x i m a -  
t ions .  In the z e r o  app rox ima t ion  we a s s u m e  that the 
i n t e r f a c e  is  s ta t ionary~  Then, us ing (3)-(5)  and (12), 
we obtain 

q(x, , ) = q o + p h e f f c (  x ) 
2 ' 

( ) T (x, t) = T o p Lh V D•215 erfc x 
kl~ • +),, F~ 217N 

9LhI"D•215 erfc(  x ) 
0(,. 0 : : r ~ -  > .VE ~ - ~ . t  • 

h = (x F ' ~  + x, I/-x- ) b (15) 
k l /~ ,  q- k, F"~-- Y L I/I D•215 ( 1 --kco) " 

Subst i tu t ing in the f i r s t  condi t ion (4) t h e  e x p r e s s i o n  
fo r  q f r o m  (15) we have in the f i r s t  app rox ima t ion  

[ . ~ / D  = h. (16) 

Hence,  for  c(x, t) and c(l, t) we obtain in the s a m e  
a p p r o x i m a t i o n  

c (x, t) ~ c o [1 + I/D~-iP]~ h eric (x/2 p' ~ ) j ,  

c(l, t ) ~ c o [ 1  -t- V D/D,h]. (17) 

E x p r e s s i o n s  (16) and (17) a r e  obvious ly  ap p l i c a b l e  
in the c a s e  w h e r e  the condi t ion ~/-D--7-U,h << 1 is  s a t i s -  
f ied.  

Since fo r  the di f fus ion of v a p o r  in a i r  D v 10 - j  e ra2/  
/ s e e  and fo r  a subs t ance  d i s s o l v e d  in a l iquid D ,  

10 - s  e m 2 / s e c ,  then reD--Z-D-, ~ 10 2, and if the e x p r e s -  
s ions  a r e  to be app l i c ab l e  h mus t  be << 10 -2. 

In the e a s e  of e v a p o r a t i o n  of a pu re  l iquid the con-  
dt t ion of a p p l i c a b i l i t y  of the l i n e a r  f o r m u l a  of the fo rm 
(16) i s  the s a t i s f a c t i o n  of a much s t r i c t e r  inequal i ty  
hl~o=, ' [  I. The va lue  of h ~ b and when qs >> q0, b 

(1 - ke0)qs/P.  
Thus, in the e a s e  of evapo ra t i on  of a l iquid  f rom 

the su r f ace  of a so lu t ion  the n o n l i n e a r i t y  of the p r o -  
t e s s  i s  m a n i f e s t e d  in the much s m a l l e r  va lues  of qs /O 
than in the c a s e  of evapo ra t i on  of a pu re  l iquid.  This  
i s  i l l u s t r a t e d  by the dependences  of y and y ,  on b ,  = 
= qs /P ,  shown in the table .  These  dependences  w e r e  
ob ta ined  fo r  the e a s e  of i s o t h e r m i c  evapo ra t i on  [ f rom 

f o r m u l a s  (13) and (13')].  It was  a s s u m e d  in th is  e a s e  
that  q0 = 0, and the p a r a m e t e r  kc0 in f o r m u l a  (13) i s  
0.1. 

Dependence  of y and y ,  on 
b , ,  Ca l cu l a t ed  f r o m  Eqs.  
03) and (13') with q0 = 0, 

kc 0 = 0 . 1  

b :qs/p Y~ I ~t 

t0--a 
2. t0 -'a 
3 .10  -3  
4. I0 - 2  
5. J0 - 2  

10 a 0 . 9 - 1 0  - a  
2 .10  - 2  1 .4 ,10 -~ 
3.10 -:~ 1 .7 .10  -~  

3.9.10--~ 1 .9 .10  - 2  
4 . 9 . 1 0  - e  2 . 0 . 1 0  . 2  

NO TA TI ON 

q(x, t) i s  the v a p o r  concen t r a t ion ;  c(x, t) i s  the con-  
c e n t r a t i o n  of d i s s o l v e d  subs tance  ( m a s s / v o l u m e ) ;  
T(x, t), 0 (x, t) i s  the t e m p e r a t u r e s  of v a p o r - g a s  m i x -  
tu re  and solut ion;  D i s  the d i f fus ion coe f f i c i en t  {n 
v a p o r - g a s  m i x t u r e ;  D. i s  the di f fus ion coe f f i c i en t  in 
l iquid;  x, x .  a r e  the t h e r m a l  d i f fu s iv i t i e s  in v a p o r - g a s  
m e d i u m  and l iquid;  X, X.  a r e  the t h e r m a l  conduc t iv i t i e s  
in v a p o r - g a s  m e d i u m  and l iquid;  p i s  the dens i t y  of 
l iquid  solvent ;  L i s  the spec i f i c  hea t  of evapo ra t i on  of 
l iquid;  x = l( t )  i s  the c o o r d i n a t e  of e v a p o r a t i o n  (con- 
densa t ion)  boundary ;  qs(T)  i s  the c onc e n t r a t i on  of s a t -  
u r a t e d  v a p o r  of so lven t  at  t e m p e r a t u r e  T; q0, co i s  the 
c o n c e n t r a t i o n  of v a p o r  and d i s s o l v e d  subs tance  at in-  
f ini ty;  To, 00 a r e  the t e m p e r a t u r e s  of v a p o r - g a s  m e d i u m  
and so lu t ion  at inf ini ty;  M s and Md a r e  the m o l e c u l a r  
we igh t s  of so lven t  and d i s s o l v e d  subs tance ;  M is  the 
m o l e c u l a r  weight  of so lven t  and d i s s o l v e d  subs tance ;  
M is  the m o l e c u l a r  weight  of vapor ;  R i s  the gas  con-  
s tant ;  K = Ms /PMd;  G = LM/R.  
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